We propose an off-shell construction of three-dimensional N = 3 and N = 4 superconformal Abelian Chern-Simons theories in the projective superspace formalism. We also construct coupling terms among the gauge fields and matter hypermultiplets.
Introduction
Chern-Simons theories in three dimensions have been attracted physicist's attention because of its importance in condensed matter and particle physics. Especially in the field of the latter, supersymmetric extensions of Chern-Simons theories have been intensively studied. It is known that three-dimensional N = 2 Chern-Simons-matter models admit (non)topological solitons due to the non-trivial Higgs potential determined by the N = 2 supersymmetry. The formulation of Chern-Simons-matter models with N = 3 supersymmetry is examined in [1] . The authors showed that the maximal supersymmetry of Chern-Simons-matter models in three dimensions with a single gauge field and no gravity is N = 3. Even though the N = 3 supersymmetry is the maximal one in that case, N ≥ 4 supersymmetries are possible for pure Chern-Simons theories [2, 3, 4] and quiver gauge theories.
Recently the low-energy effective theory of multiple M2-branes is proposed by Bagger, Lambert and Gustavsson (BLG model) [5, 6] which is based on the idea of the novel gauge group A 4 constructed by 3-algebras. Soon after the proposal, it is shown that the BLG model with A 4 group is nothing but the N = 8 superconformal Chern-Simons-matter model with gauge group SU(2) × SU(2) with bi-fundamental matters [7] . Other Chern-Simons models with products of gauge groups and matters, such as N = 4 and N = 5 superconformal Chern-Simons-matter models [8] , the N = 6 U(N) × U(N) model (ABJM model) [9] have also been constructed.
Besides these facts, manifestly supersymmetric formulations of Chern-Simons-matter models have been interesting topics. For example, Abelian and non-Abelian Chern-Simons-matter models in three-dimensional N = 2 superspace are constructed in [10, 11] . It is known that to incorporate manifest and off-shell N ≥ 3 supersymmetries (hence N ≥ 2 in four dimensions), the ordinary superspace approach is not suitable. The on-shell superfield formulation of the N = 8 BLG and the N = 6 ABJM models are found in [12] . A good way to introduce the off-shell N ≥ 3 supersymmetries is to use the harmonic superspace approach [13, 14] . Pure (without matter) N = 5, 6 Chern-Simons theories are studied in the framework of harmonic superspace [15, 16] . For the Chern-Simons theories with matter fields, a manifestly supersymmetric construction of the N = 6 ABJM model is investigated in the N = 3 harmonic superspace [17] .
Another way to treat the off-shell extended supersymmetries is to use the projective superspace approach [18, 19, 20] which keeps N = 2 manifest supersymmetry in four dimensions. The two approaches have the relationship [21] and it is quite interesting to investigate the manifestly supersymmetric formulation of Chern-Simons-matter models in the projective superspace. Even more, it is possible to construct the action with manifest superconformal invariance in the projective superspace [22, 23] . In this paper, we study manifest N = 3 and N = 4 superconformal formulations of Chern-Simons-matter models in the projective superspaces. The analysis of this paper provides an alternative formulation of supersymmetric Chern-Simons theories other than the harmonic superspace approach. A projective superspace formulation of the BLG model is proposed in [24] . We will give a comment on this construction in the discussion.
The organization of this paper is as follows. In the next section, the N = 3 supersymmetric Chern-Simons-matter models in the N = 2 superspace is shown. In Section 3, we give a brief review of the three-dimensional N = 3 projective superspace formulation of superconformal theories. In Section 4, we formulate the Abelian Chern-Simons-matter models in N = 3 projective superspace approach and show that the proposed action correctly reproduces the result constructed in N = 2 superspace. Section 5 is devoted to the N = 4 generalization of the construction. Section 6 is conclusion and discussions where non-Abelian generalization is briefly discussed. Notations and conventions of N = 2, 3, 4 superspaces are given in Appendix A. Detail calculations of the solution to the projective superspace constraint are shown in Appendix B The anti-commutation relations among the gauge covariant derivatives are found in Appendix C.
2 Chern-Simons-matter models in N = 2 superspace
In this section, we briefly introduce the three-dimensional Chern-Simons-matter models in N = 2 superspace. It has been shown that Chern-Simons-matter models with a single gauge group have N = 3 maximal supersymmetry [1, 25] which will be enhanced to N > 3 superconformal symmetries when appropriate gauge groups and matters are added [8, 9] .
Although our main interest is Abelian Chern-Simons-matter models, we start from nonAbelian gauge groups for generality. We first consider an N = 2 U(N) Chern-Simons-matter model with level k, interacting with N f flavors. The model consists of the three-dimensional N = 2 vector superfield V 0 and the chiral, antichiral superfields Q i ,Q i (i = 1, · · · N f ) representing the gauge field and matters respectively. The chiral and antichiral superfields which satisfy the conditionsD α Q i = 0 and D αQi = 0 are expanded as
whereD α and D α are the supercovariant derivatives in the N = 2 superspace, x L and x R are the chiral and antichiral coordinates defined in Appendix A. The vector superfield in the Wess-Zumino gauge is expanded as
Here A m (m = 0, 1, 2) is the gauge field, χ is the gaugino, D is the auxiliary field and σ is the real scalar. All the component fields in V 0 are in the adjoint representation of the gauge group. This is obtained by the dimensional reduction of the four-dimensional N = 1 vector superfield. Actually, σ is the A 3 component of the four-dimensional gauge field. In order to write down the N = 2 supersymmetric action, we employ the trick proposed in [10] by introducing an auxiliary integration variable t and express the Chern-Simons part as the integration of the exponentiated vector superfield. The action is given by
where the symbol Tr is the gauge trace and Q i (Q i ) are in the (anti)fundamental representation of the gauge group. The gauge trace is normalized as Tr(T a T b ) = δ ab for the U(N) generators T a . The Chern-Simons level k should be quantized to be integer valued for the gauge group U(N). The action is gauge invariant under the following gauge transformation,
where Λ,Λ are gauge parameters satisfying the chiral, antichiral superfield conditions respectively. The second term in (2.3) is obtained just by the dimensional reduction of the fourdimensional matter kinetic term while the first term in (2.3) can not be obtained from the four dimensions. Note that this model is quantum mechanically conformal provided that there is no superpotential for Q i [26] . Next, we consider N = 3 Chern-Simons-matter theories. To construct the N = 3 supersymmetric action in N = 2 superfield formalism, one needs to introduce other chiral and antichiral multiplets Φ,Φ with adjoint representation of the gauge group. They are non-dynamical auxiliary fields. Combined with the vector superfield V 0 , these form the N = 4 vector multiplet. The vector multiplet can couple to N = 4 hypermultiplets which are represented by pairs of chiral and antichiral multiplets (S i , T i ), (S i ,T i ) transforming in conjugate representations of the gauge group. The system including the Chern-Simons part and the matter part has only N = 3 supersymmetry since the Chern-Simons term breaks N = 4 supersymmetry down to N = 3. The N = 3 supersymmetric Chern-Simons action is given by [26] 5) while the matter part is
The action S
keeps only N = 2 manifest supersymmetry but actually preserves N = 3 supersymmetry. This model is also quantum mechanically conformal.
Finally, let us take the Abelian limit of (2.5) for later convenience. In the Abelian case, we do not need the auxiliary t-integration. Therefore the N = 3 Abelian Chern-Simons action is given by
3 Brief survey of projective superspace formalism
In this section, we briefly review the basic ideas of the three-dimensional N = 3 superconformal projective superspace [22] . For those who are not familiar with the projective superspace approach, let us recall the ordinary d = 4, N = 1 superfield formalism. The d = 4, N = 1 superspace is parametrized by the space-time coordinate x µ (µ = 0, · · · , 3) and SO(1, 3) spinor coordinates θ α ,θα. As an explicit example, we consider a supersymmetric Lagrangian constructed by chiral superfields. A chiral superfield Φ is not a function of the full superspace, but a function of its subspace, called the chiral subspace. This subspace is defined by the constraintDαΦ = 0, whereDα = −∂α − i(θσ µ )α∂ µ and σ µ are the four-dimensional sigma matrices. The supercovariant derivativeDα is used to define the chiral superfield whilst the other supercovariant derivative D α = ∂ α + i(σ µθ ) α ∂ µ gives the integral measure to form the supersymmetric Lagrangian:
where W is a superpotential. Analogously, we can construct a superconformal Lagrangian in the N = 3 projective superspace formalism in three dimensions. The N = 3 projective superspace consists of the ordinary N = 3 superspace M 3|6 and the internal space CP 1 . They are parametrized by the super-coordinate z M = (x m , θ α I ) and SU(2) R complex isospinors v i , u i . Here α = 1, 2 is the SO(1, 2) ∼ SL(2, R) spinor and I = 1, 2, 3 is the SO(3) R ∼ SU(2) R R-symmetry vector index respectively. We require that the two complex isospinors satisfy the following completeness relation,
where u i is only restricted by the condition (v, u) = 0. We basically use the SU(2) R spinor indices i, j = 1, 2 rather than the SO(3) R vector indices. These are intertwined by the relation θ The supercovariant derivatives in N = 3 superspace are defined by
These satisfy the following algebra:
Using the isospinors v i , u i satisfying (3.2), we define the following set of supercovariant derivatives in the projective superspace:
where the superscripts on D indicate the degree of homogeneity in vs. Among these covariant derivatives, D (2) α is used to define a superconformal projective multiplet. We define the superconformal projective multiplet Q (n) with weight n ∈ Z, as a superfield being function of z M and v i , by the following condition,
which is an analogy to the chiral conditionDαΦ = 0 in d = 4, N = 1 superfield formalism. In addition, the superfield Q (n) should be holomorphic with respect to v i and homogeneous function of degree n,
The superconformal transformation of the superfield Q (n) is given by
where
α is the superconformal killing vector field and
∂v i is the differentiation with respect to the isospinor v i . The parameters
and Σ correspond to SO(3) R and the scale transformations respectively. Detailed explanation of the superconformal transformation is found in [22] . A conjugation which is consistent with the constraint (3.6) is called the smile conjugation. This is defined by
where the bar stands for the ordinary complex conjugation and the conjugation of v i is, more explicitly,
α has been used to define the projective multiplet while the others
are used to form the Grassmann integral measure in an N = 3 superconformal action. The resultant action is given by [22] :
where L (2) is an weight-2 real superconformal projective multiplet. Note that the action is formed so that sum of the degree of homogeneity in vs is zero. We sometimes call L (2) Lagrangian. The line integral is evaluated over a closed contour γ in CP 1 . Along the contour, u i should satisfy (v, u) = 0. It is shown that the action (3.10) is u independent and we can therefore choose u i = (1, 0).
In the following, we rewrite the action (3.10) to the one in terms of N = 2 superspace and superfields. Without loss of generality, we can take the contour γ in (3.10) such that it does not pass through the north pole v i = (0, 1) in CP 1 . It is then useful to introduce a complex inhomogeneous coordinate ζ ∈ C in the upper hemisphere (north chart) of CP 1 ,
We consider the projective multiplet in this chart. As we will see, this ζ is identified with the projective coordinate in the ordinary projective superspace formalism [18] . Using the coordinate ζ, the covariant derivative D
α turns into the form
where we have introduced the N = 2 supercovariant derivatives D α andD α (see Appendix A). As discussed in [22] , all the v 1 dependence of the superconformal projective multiplet Q (n) (z, v) can be factored out and a new superfield
With the use of this fact and (3.12), we find that the constraint (3.6) becomes
In general, Q [n] is expanded by power series in ζ,
where Q k (z) are some ordinary N = 3 superfields subject to the constraints (3.13). Using the factorization of v 1 , the projective multiplet L (2) is rewritten as 15) and the action (3.10) reduces to the following form,
where we have used (3.12) and (3.13). The factor iζ also appears in addition to (v 1 ) 2 for reality of L (2) (see also O(−k, k) and tropical multiplets below). The expression (3.16) is analogous to the action in d = 4, N = 2 ordinary projective superspace and is completely determined by the N = 3 superfields Q k (z) projected on the N = 2 superspace. Note that even though the integration in the action is carried out over the N = 2 superspace only, the action has N = 3 off-shell supersymmetry by construction.
We now give several examples of the projective superfields Q (n) .
• O(k) and (ant)arctic multiplets
The weight-n complex O(k) multiplet is defined to be holomorphic in the north chart of CP 1 ,
The constraints (3.13) on the N = 3 component superfields are given bȳ
The arctic multiplet is defined as the limit k → ∞ of the complex O(k) multiplet and its smile conjugate is called the antarctic multiplet.
• O(−k, k) and tropical multiplets
The real O(−k, k) multiplet with weight n is defined as
The tropical multiplet is defined as the limit k → ∞ of the O(−k, k) multiplet.
N = 3 superconformal Chern-Simons-matter models
In this section, we construct N = 3 supersymmetric Chern-Simons-matter actions with Abelian gauge group in the projective superspace.
Chern-Simons term
We expect that the supersymmetric Chern-Simons term is naively given by the product of a (super)gauge field strength and a gauge potential, which is inspired by the result in fivedimensional projective superspace [28, 29] . The gauge potential is given by the real tropical multiplet V (0) (z, v) with weight 0. For the gauge field strength, we assume that it is given by a real O(−1, 1) multiplet G (2) (z, v) with weight 2. Then we propose that the weight-2 superconformal projective superfield in the action is given by
Since the tropical multiplet is weight 0, there is no overall v 1 dependence,
. It is expanded with respect to ζ as
The tropical multiplet transforms under the U(1) gauge transformation:
are gauge parameters in the weight-0 arctic and antarctic multiplets Λ (0) (z, ζ) andΛ (0) (z, ζ) respectively. The gauge transformations of the real tropical multiplet in terms of ζ-expansion coefficients are
By the gauge transformation, we can make the tropical multiplet be a real O(−1, 1) multiplet form (Lindström-Roček gauge) [20] ,
is expanded as
We assume that G [2] is invariant under the U(1) gauge transformation. Indeed, as we will see in below, the components in G [2] are written in terms of the components in V [0] as the gauge invariant forms.
As we have discussed in the previous section, the constraint (3.13) is interpreted as the constraints on the N = 3 component superfields. Since the action is totally expressed in terms of N = 3 component superfields projected on the N = 2 superspace, we are interested in the constraints in the N = 2 subsuperspace. From the constraints (3.18) and (3.20), we can find the constraints for the component superfields. For V (0) , since this is the tropical multiplet, V 0 | is a real superfield and other fields are unconstrained. Here the symbol "|" means the N = 2 projection of N = 3 superfield. For the O(−1, 1) multiplet G [2] , we have constraints
These conditions imply that Φ| andΦ| are the N = 2 chiral and antichiral superfields while L| is the real linear superfield. Finally, for the gauge parameters 8) and other fields are unconstrained. Therefore λ 0 | andλ 0 | are N = 2 (anti)chiral while λ 1 | and λ 1 | are N = 2 (anti)linear superfields. In the following we omit the symbol "|" and consider the component superfields in N = 2 superspace. After fixing u to u i = (1, 0), the action (3.10) with the Lagrangian (4.1) reduces to the following form,
The component superfields L, Φ andΦ should be expressed in terms of V n and they satisfy the constraints (4.7). We find that the solutions to the constraints are given by
One can confirm that all these expressions are gauge invariant by using the relations (4.8). This fact is consistent with our assumption. The solutions (4.10) are also expressed as the integral of the tropical multiplet over the isospinor space:
This closed form expression is obtained in the context of three-dimensional supergravity in the projective superspace [23] 3 . After fixing u = w and using the completeness relation of the isospinor, we find that (4.11) is also expressed as
The detailed calculations are found in Appendix B. Next, we examine the gauge invariance of the action. Since the action (3.10) is completely equivalent to the expression (3.16) and the gauge variation δV [0] is the tropical multiplet with weight 0, it is sufficient to show the gauge invariance of (4.9) rather than its manifest N = 3 action (3.10). Substituting the expressions (4.4) and (4.6) into the gauge variation of the action δS CS and integrating it with respect to ζ, we find
This expression is vanishing, taking account of the constraints (4.7), (4.8) and the relations
in the space-time integration. Therefore S CS is gauge invariant. Note that the higher order components in ζ n are dropped in the expression due to the ζ-integration.
To see the action in terms of N = 2 superfields, we substitute the solution (4.10) into the action (4.9) and find
This is equivalent to the expression given in (2.7). Therefore the Lagrangian (4.1) correctly reproduces the N = 3 Chern-Simons action in N = 2 superfield formalism.
Matter part
It is known that the matter hypermultiplet is embedded into the ant(arctic) multiplet. We consider the weight-1 arctic multiplet Υ (1) as the matter part of the N = 3 Chern-Simonsmatter model. The Lagrangian of the free (ant)arctic multiplets is given by
This is easily expanded into the N = 3 component superfields. Substituting the expansion (3.17) into the action (3.16) and performing the ζ-integration, we find
According to the constraints (3.18) on the N = 2 projected superfields, only Υ 0 (Ῡ 0 ) and Υ 1 (Ῡ 1 ) are dynamical fields and the others are auxiliary fields, which are integrated out with their equations of motion. The resulting action describes the four-dimensional N = 2 massless free hypermultiplet dimensionally reduced to three dimensions. We now introduce a gauge interaction. We consider the action of the (ant)arctic multiplets coupled to the Abelian gauge field. Following the ordinary projective superfield approach in four dimensions [30] , the Lagrangian is given by
The action (3.16) for this Lagrangian is given by
It is easy to confirm that the action is invariant under the following U(1) gauge transformations
We write down the action (4.18) in terms of N = 2 superfields. In the Abelian case, it is always possible to split the tropical multiplet V [0] into the arctic V + and the antarctic V − pieces,
where we have defined
In the following, we employ the Lindström-Roček gauge so that the tropical multiplet V [0] takes the O(−1, 1) multiplet form. We define the gauge supercovariant derivative as
α e qV − = e qV + D [2] α e
where q is the U(1) charge of associated fields and
The second equality in the first line in (4.22) holds because of D [2] α e V [0] = 0. The anticommutation relations of these supercovariant derivatives are found in Appendix C. The action (4.18) is rewritten as
where we have definedΥ
We can show that these superfields satisfy the gauge covariantized projective constraints D With the use of the commutation relations (C.1) and (3.20), the constraints (4.27) and (4.30) turn out to beD
The matter action (4.24) is now expanded as
where we have integrated out the auxiliary fieldsΥ l ,Υ l (l ≥ 2). We have also introduced the Lagrange multipliersỸ ,Ỹ which are related to the non-covariantized Lagrange multipliers Y andȲ through the relationỸ = e
V 0Ȳ . Their gauge transformations are given by Y → e iλ 0 Y ,Ȳ → e −iλ 0Ȳ . After integrating outΥ 1 ,Υ 1 and using the constraints (4.26), (4.29), the solutions (4.10), and the anticommutation relations of the supercovariant derivatives (C.1), the action becomes
Here we have relabeled S = Υ 0 ,S =Ῡ 0 and have defined
The gauge transformations ofT , T are the same as the ones for the Lagrange multipliers Y,Ȳ . The action (4.34) agrees with (2.6) with N f = 1. Generalization to the arbitrary number of flavours N f is straightforward.
N = 4 superconformal Chern-Simons theories
In this section, we generalize the N = 3 construction discussed in the previous section to N = 4 cases. The N = 4 superspace M 3|8 is parametrized by the super-coordinates
), where i = 1, 2 andj = 1, 2 are indices for the SU(2) L × SU(2) R subgroup of SO(4) R . These indices are raised and lowered by the antisymmetric matrices ε ij , ε¯ij and so on. To incorporate the two SU(2) symmetries, we introduce a pair of CP 1 , namely, the mirror projective spaces CP They satisfy the following algebra
As in the N = 3 case, we define the following covariant derivatives:
The covariant derivatives D 
The other covariant derivatives D
satisfy the similar algebras. In the N = 4 case, we can introduce the left and right weight-n projective multiplets associated with each CP 1 . They are defined by
R satisfies the relation (3.7). The N = 4 superconformal transformations of the left and right projective superfields are given by
where ξ is the superconformal Killing vector field,
L,R are defined as in the same way in N = 3 case. See [22] for details.
Following the previous section, we introduce the complex inhomogeneous coordinate ζ L in the left part as
The covariant derivative becomes
The v 1 dependencies of the projective superfields can be factored out and one can define Q
[n]
L is expanded as
where Q k (z) are N = 4 superfields subject to the constraint (5.6). Similar definitions hold in the right part. The N = 4 superconformal invariant action is given by
R ) is the weight-2 left (right) projective multiplet and we have defined
The contour γ L (γ R ) is chosen such that the path goes the outside of the north pole in CP 14) where the symbol | θ ⊥ =0 means that the superfields are projected on the N = 2 superspace. Classification of multiplets are similar to the N = 3 case. Since the left and right parts have almost the same structure, let us focus on the left part for the moment. A complex O(k) multiplet and a real O(−k, k) multiplet are defined as (3.17) and (3.19), respectively.
Constraints for the components of a complex
The (ant)arctic multiplets and tropical multiplets are defined by taking k → ∞ in the complex O(k) and the real O(−k, k) multiplets, respectively.
We now consider the Chern-Simons action in N = 4 projective superspace. Following the discussion in the previous section, we consider the weight-2 Lagrangian in the left part,
L is the weight-0 tropical multiplet while G
L is the gauge invariant weight-2 real O(−1, 1) multiplet. The constraints for the component superfields in G
where they are projected on the N = 2 superspace. Now we represent the gauge invariant multiplet G
L by the gauge potential. The closed form of the solution to the N = 4 projective superspace constraint was obtained in [23] . The result is 19) or equivalently
Here the left O(−1, 1) multiplet is expanded as G
We note that the left multiplet G L is represented by the right multiplet V R in the N = 4 case. Performing the contour integration, we find 21) where we have defined G (2)
L and the component fields of V
[0]
R in the Lindström-Roček gauge:
The detailed calculations are found in Appendix B. The same analysis is applied to the right multiplet G
R . Therefore the N = 4 Chern-Simons action in the N = 2 superspace is given by
The calculation is the same with the N = 3 case. We note that there are two gauge potentials associated with the left and right parts. From the construction, we find that each part is invariant under the two independent U(1) gauge transformations. Therefore the gauge group of the N = 4 superconformal Chern-Simons action is interpreted as U(1) × U(1). The gauge coupling constants for these gauge groups should be the same due to the SO(4) R invariance. This situation is different from the N = 3 case where we can construct the gauge invariant action with a single U(1) gauge group. We need more than one gauge potential to construct N ≥ 4 supersymmetric Chern-Simons theories. There is a natural interpretation for this gauge group enhancement. It has been discussed that the N ≥ 4 supersymmetry completion of a pure Chern-Simons term is impossible provided that there is only one gauge potential. One needs multiple gauge potentials to make the action be invariant under N ≥ 4 supersymmetries [2, 3, 4] . We therefore have to introduce more than single gauge group or may need 3-algebra structure which enable the gauge potential to have multiple components (with 3-algebra indices) [7, 8, 9, 27] .
For the matter part, we can construct the N = 4 action which includes U(1) gauge interactions. The matter multiplets are introduced as weight-1 left (and right) (ant)arctic multiplets Υ [1] . Following the Chern-Simons case, since the left and right parts are almost the same, we focus on the left part. We define the gauge covariant derivative as
where we have decomposed the left U(1) vector multiplet V
[0] L = V + + V − in the same way as the N = 3 case. We can show that the matter multipletsΥ [1] = e V + Υ [1] andΥ [1] = e V −Ῡ [1] satisfy the gauge covariantized projective constraints:
Using the anticommutation relations of the gauge covariant derivatives in Appendix C and the constraints (5.25), one can construct the matter action together with the right part as in the same procedure in N = 3 case. Finally we comment on the classification of the multiplets and superconformal invariant action in the N = 4 projective superspace. In this paper, we consider the left and right projective multiplets. They can be defined independently and the superconformal invariant action (5.12) is just the sum of the left and right parts. However, one can consider multiplets constructed by the products of the left and right multiplets, called hybrid projective multiplets with weight (n, m):
R ) is a left (right) projective multiplet with weight n (m). The hybrid projective multiplets satisfy the analyticity condition determined by the new covariant derivative D
The N = 4 superconformal invariant action constructed by the hybrid projective multiplets is discussed in [23] . It would be interesting to study N ≥ 4 Chern-Simons-matter models by using the hybrid projective multiplets. We leave this possibility to future works.
Conclusion and discussions
We have constructed the N = 3 superconformal Chern-Simons matter theories with Abelian gauge group in the three-dimensional projective superspace. The weight-2 Lagrangian is given by the product of the weight-0 tropical multiplet V (0) and the gauge invariant weight-2 O(−1, 1) multiplet G (2) . We have solved the constraints for the O(−1, 1) multiplet and expressed its component superfields by those of the tropical multiplet. We have also constructed the matter action interacting with the gauge fields. The gauge covariant derivatives are defined by using the tropical multiplet and the matter (ant)arctic multiplets satisfy the gauge covariantized projective constraints.
These constructions of the actions are generalized to the N = 4 cases. In order to introduce the R-symmetry group SO(4) R ∼ SU(2) × SU(2)/Z 2 , we have introduced the mirror CP 1 s and considered the N = 4 superconformal projective superspace. The Chern-Simons and the matter actions are constructed as in the similar way for the N = 3 cases. We need to introduce two vector potentials for the N = 4 superconformal invariant action. This fact leads to the result that the gauge group of the theory is actually the product of the two groups, namely, U(1) × U(1).
A few comments on the non-Abelian generalizations of our constructions are in order. Let us try to find the N = 3 superconformal Chern-Simons-matter action with non-Abelian gauge groups in the projective superspace. A natural way for the non-Abelian generalization of the N = 3 Chern-Simons action (4.1) is to replace the projective multiplets V (0) and G (2) by the ones with adjoint representations of a non-Abelian group. The Lagrangian may be given by
where the trace is taken over the adjoint representation of the gauge group. As in the Abelian case, one may try to find solutions to the projective superspace constraints D (2) α G (2) = 0 and express the N = 2 components in G (2) in terms of those in V (0) . Using this solution, the Lagrangian (6.1) should reproduce the N = 3 Chern-Simons action (2.5) in N = 2 superspace. However, we find that the straightforward generalization of the Abelian solution (4.10) to the non-Abelian case does not work. Even more, the complicated dependence on the auxiliary variable t in (2.5) should be incorporated with the action in the projective superspaces.
The formulation of non-Abelian Chern-Simons theories in the N = 4 projective superspace is also an interesting problem. The N ≥ 4 superconformal Chern-Simons theories with bifundamental matters have been studied intensively in the context of the world-volume effective theories of M2-branes. In order to construct the N = 4 superconformal action for the matter fields with the bi-fundamental representation, one may need to introduce the hybrid projective multiplets. This is because the bi-fundamental matters should couple two gauge potentials simultaneously. We explore these possibilities in the future works.
Finally, let us comment on the construction of the N = 4 Chern-Simons-matter model discussed in [24] . In [24] , manifestly N = 4 supersymmetric construction of the BaggerLambert-Gustavsson type action was studied. The action is based on the 3-algebra gauge invariance and is formulated in the N = 4 projective superspace. This N = 4 projective superspace is defined by the dimensional reduction of the one in four dimensions and SO(4) R ∼ SU(2) × SU(2)/Z 2 R-symmetry is not manifest. There are only one matter multiplet and one vector multiplet in the action and the mirror pairs (left or right multiplets) do not exist, which are necessary to keep N = 4 superconformal invariance. Consequently, it is unclear whether their action is N = 4 superconformal invariant or not. It would be interesting to formulate N ≥ 4 Chern-Simons-matter theories based on the 3-algebra gauge groups. Our construction may be applicable to the 3-algebra gauge groups. We hope we come back to this problem in the future researches.
A Conventions and notations in three-dimensional superspaces
This appendix provides the basic conventions and notations of ordinary superspaces in three dimensions. We use the convention of the three-dimensional metric η mn = diag(−1, +1, +1) with m, n run from 0 to 2. The three-dimensional N = 2 superspace is represented by the coordinate z A = (x m , θ α ,θ α ) where θ,θ are two component spinors. The gamma matrices are defined by (γ m ) α β = (iτ 2 , τ 1 , τ 3 ) which satisfies {γ m , γ n } = 2η mn . τ I (I = 1, 2, 3) are the Pauli matrices. The spinor indices are raised and lowered by the anti-symmetric symbol ε 12 = −ε 12 = 1. The supercovariant derivatives in N = 2 superspace are defined by
These satisfy the following relations
The Grassmann measure of integration is defined by
such that they satisfy
Within the space-time integration, the following relation holds,
where F (z) is a superfield. The chiral and anti-chiral coordinates are defined by
We use the following relations among N = 2, N = 3 and N = 4 superspaces [22] : (D [2] +D − ζ 2 D). We start from the first term in (4.11): 
3)
The third term is
From these results we find 
L . (B.6) Then, we find
Similarly, the other components are
where we have used the N = 4 projective superspace constraints on V
R . Finally we obtain (5.21).
C Anticommutation relations of supercovariant derivatives
The N = 3 super gauge covariant derivatives satisfy the following anticommutation relations 
